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, COMPARATIVE EVALUATION OF METHODS FOR PREDICTING FLUTTER 
AND DIVERGEmCE OF UNSWEPT WINGS OF FINITE SPAN 
By E. Carson Yates, Jr., and Samuel R. Bland 
Subsonic and supersonic f l u t t e r  and divergence calculations have been made 
f o r  f ive  unswept wings by several analyticalmethods. 
pared with experimental f l u t t e r  data i n  order t o  evaluate each method of pre- 
dict ing aeroelast ic  i n s t a b i l i t i e s ,  particularly i n  the high subsonic and low 
supersonic t o  hypersonic ranges. 
The r e su l t s  have been com- 
For the  subsonic range, the methods examined included a modified s t r i p  anal- 
~ ys is ,  two-dimensional loading modified t o  account fo r  f i n i t e  planform, and the 
subsonic kernel function. 
sa t i s fac tor i ly  f o r  Mach numbers below about 0.75 but, i n  the high subsonic range, 
the kernel-function method produced best  agreement with experiment. 
These methods a l l  appeared t o  predict  f l u t t e r  speeds 
~ 
For the supersonic range, the methods examined included the modified s t r i p  
analysis, modified two-dimensional loading, rectangular-wing theory, aerodynamic 
influence coefficients,  and quasi-steady second-order theory. These calculations 
indicated that the  use of l inearized aerodynamic theory may lead t o  excessively 
unconservative estimates of f l u t t e r  speeds even a t  re la t ive ly  low supersonic Mach 
numbers. I n  contrast ,  aerodynamic theories which account f o r  e f fec ts  of f ini te  
wing thickness were indicated t o  be capable of predicting sat isfactory f l u t t e r  
boundaries even in to  the hypersonic range. 
which represents the zero-frequency l imiting case of the modified s t r i p  analysis, 
gave sat isfactory f l u t t e r  results i n  the subsonic and low supersonic t o  hypersonic 
ranges f o r  a wing which f lu t te red  a t  l o w  reduced frequencies. 
A simplified steady-state method, 
I 
~ 
In the high subsonic range, divergence speeds calculated by modified s t r i p  
analysis and by modified two-dimensional loading were indicated t o  be 
I conservative. 
1 INTRODUCTION 
In  the f l u t t e r  analysis of unswept wings of moderate t o  high aspect ra t ios ,  
, 
~ 
a number of methods ex i s t  f o r  evaluating the required dis t r ibut ions of subsonic 
and supersonic osci l la tory aerodynamic loadings ( r e f s .  1 t o  31, f o r  example). 
These methods involve varying degrees of approximation, and a l l  a re  subject t o  
theoret ical  preclusion a t  Mach numbers near 1.0. This l imitation implies t ha t  
minimum f l u t t e r  speeds, which generally occur i n  the transonic range, may not be 
adequately predicted by such methods. In  contrast ,  f o r  swept wings of moderate 
t o  high aspect r a t io ,  f l u t t e r  speeds can be predicted through the  transonic range 
by approximate methods ( r e f .  4 ) .  Some applications of l inear ized potential-flow 
theory have been developed f o r  Mach numbers near 1.0 (e.g., refs. 32 t o  3 5 ) ,  but 
because of approximations and complexity these procedures do not appear t o  be 
widely used i n  f l u t t e r  analyses. The analysis of reference 3 2 ,  fo r  example, i s  
r e s t r i c t ed  t o  low-aspect-ratio wings osc i l l a t ing  a t  low frequencies. 
complications i n  the  calculations,  t he  method of reference 34, although per t inent  
t o  high-aspect-ratio wings, w a s  applied only t o  rectangular wings osc i l l a t ing  
without spanwise variation of motion o r  dis tor t ion.  
Because of 
The primary purpose of the  present investigation i s  t o  examine, par t icu lar ly  
i n  the high subsonic and low supersonic ranges, some re su l t s  of modal-type f l u t t e r  
analyses employing various methods f o r  evaluating the required osc i l la tory  aero- 
dynamic loading on unswept wings. The calculated f lu t te r  character is t ics  of f i v e  
unswept wings a re  compared with exis t ing experimental f l u t t e r  data i n  order t o  
evaluate each method of predicting f l u t t e r  speeds i n  the  v i c in i ty  of t he  transonic 
minimum values. In addition, f o r  one of the wings, experimental data were avai l -  
able up t o  hypersonic Mach numbers. For t h a t  wing, the  calculations a re  a l so  
extended in to  the  hypersonic range i n  order t o  obtain comparisons over a wide 
range of Mach numbers between methods which include or exclude the  e f fec ts  of 
f i n i t e  wing t h i c h e s s .  Since unswept wings may, i n  general, be subject t o  a v e r -  
gence as well as  t o  f lut ter ,  divergence boundaries f o r  the  present wings were 
calculated by several  of the  methods employed i n  the  f l u t t e r  analyses. 
I n  t h i s  investigation the  methods employed f o r  representing the osc i l la tory  
aerodynamic loading a t  Mach numbers less than 1.0 are a modified s t r i p  analysis,  
a simplified steady-state method, a modified two-dimensional loading (employing 
the  loading parameters of refs. 9 and lo), and the kernel-function method. For 
Mach numbers greater than 1.0, the methods used are the  modified s t r i p  analysis,  
the simplified steady-state method, the  modified two-dimensional loading, a 
rectangular-wing theory, t he  finite-summation aerodynamic-influence-coefficient 
method, and the quasi-steady second-order theory. Piston theory i s  not included 
because reference 26 showed t h a t  a t  high Mach numbers pis ton theory and quasi- 
steady second-order theory give essent ia l ly  the  same results; whereas, a t  t he  
lower supersonic Mach numbers, results of the quasi-steady second-order theory 
are t h e  more conservative and are generally closer t o  experimental values. The 
transonic potential-flow methods are a l so  excluded because of the l imitat ions 
previously di  s cus s ed . 
SYMBOLS 
A aspect r a t i o  of full wing including fuselage intercept  
aspect r a t i o  of wing, considering s ide of fuselage as ref lect ion plane 
(twice panel aspect r a t i o )  
*P 
2 
nondimensional distance from midchord t o  loca l  aerodynamic center ( f o r  
steady flow) measured perpendicular t o  e l a s t i c  a x i s ,  posit ive rear- 
ward, fraction of semichord perpendicular t o  e l a s t i c  axis 
wing semichord measured streamwise 
loca l  l if t-curve slope f o r  section perpendicular t o  e l a s t i c  axis  i n  
steady flow 
derivative with respect t o  angle of a t tack of loca l  pitching-moment 
coefficient measured about leading edge of section perpendicular t o  
e l a s t i c  axis i n  steady flow 
r a t i o  of normal force coefficient measured i n  Freon-l2 t o  normal force 
coefficient measured i n  air  
s t ruc tura l  damping coefficient 
Mach number 
osci l la tory section pitching moment measured about leading edge of wing 
section perpendicular t o  e l a s t i c  axis 
t o t a l  mass of wing panel 
osci l la tory section l i f t  fo r  wing section perpendicular t o  e l a s t i c  axis 
thickness of mounting shaf t  f o r  wing 2001 
f l u t t e r  or  divergence speed 
reference f lut ter  speed calculated from modified s t r i p  method by using 
aerodynamic parameters fo r  two-dimensional incompressible flow 
volume swept out by rotat ing rectangular wing about i t s  midchord l i n e  
nondimensional coordinate measured from wing root along e l a s t i c  axis,  
f ract ion of e l a s t i c  axis length 
taper  r a t i o  of full wing including f'uselage intercept 
taper  r a t i o  of exposed wing panel 
- mass r a t io ,  m/pv 
free-stream f l u i d  density 
c i rcu lar  frequency of vibration at  f l u t t e r  
c i rcu lar  frequency of i t h  natural  (coupled) vibration mode 
3 
circular  frequency of j t h  uncoupled bending vibration mode cL3-1,J 
u\r circular  frequency of first uncoupled tors iona l  vibration mode 
Subscripts: 
2D two dimensional 
3 D  three dimensional 
WINGS 
Wing Designation 
For convenience the  wing-designation system employed i n  references 1, 2, 
and 36 i s  retained i n  the  present report .  In  the  three-digit  system used f o r  
the  tapered wings, the f i r s t  d i g i t  i s  the  aspect r a t i o  of t he  f u l l  wing t o  the  
nearest integer.  
t o  the  nearest degree. The l e t t e r  R i s  appended t o  the  planform designation i n  
order t o  indicate a wing which has been bal las ted t o  s h i f t  i t s  l oca l  centers of 
gravity rearward. For the  untapered wings the  same designation system i s  used, 
except tha t  a fourth d i g i t  1 i s  appended t o  indicate  the  taper  r a t io .  
The second and t h i r d  d i g i t s  give the quarter-chord sweep angle 
Wing Description 
Some pertinent geometrical and s t ruc tura l  parameters f o r  the  f ive  wings are 
given i n  table I. 
Wings 400 and 400R. -  The two tapered wings t rea ted  i n  t h i s  report  had aspect 
r a t i o  4.0, taper  r a t i o  0.6, and NACA 6 5 A 0 0 4  a i r f o i l  sections. 
ignated as wings 400 and b O R ,  were of essent ia l ly  homogeneous construction and 
were ostensibly ident ica l  except where ba l l a s t  w e i g h t  w a s  d is t r ibuted along the  
t r a i l i n g  edge of wing b 0 R  i n  order t o  a l te r  the  loca l  center-of-gravity posi- 
t ions.  (See f ig .  l ( a ) . )  For f l u t t e r  t e s t ing  these wings were cantilever mounted 
i n  the  midwing posit ion on a cyl indrical  sting-fuselage with diameter equal t o  
21.9 percent of the  span. 
properties f o r  wing 400 are given i n  reference 36 and those for  wing b 0 R  are 
given i n  reference 1. 
These wings, des- 
The experimental f l u t t e r  data and mass and s t i f fnes s  
Wing 7001.- Wing 7001 i s  a homogeneous rectangular wing of aspect r a t i o  
7.387. 
the  root t o  an NACA 6 5 ~ 0 0 2  a i r f o i l  a t  the  t i p .  
canti lever mounted i n  a midwing posit ion on a fuselage of c i rcu lar  cross section. 
(See f i g .  l ( b ) . )  Experimental f lu t te r  data and mass and s t i f fnes s  properties f o r  
wing 7001 are given i n  reference 37. It should be noted t h a t  t he  experimental 
f l u t t e r  data reproduced from reference 37 were obtained by several  t e s t ing  tech- 
niques with models of differ ing s ize .  The present analyses, however, employed 
The a i r f o i l  of t h i s  wing varied l inear ly  from an NACA 65AOO4 a i r f o i l  a t  
For f l u t t e r  t e s t ing  the wing w a s  
4 
only the physical properties of the wing models tes ted i n  the Langley transonic 
blowdown tunnel (data from ref. 37).  
Win 4001.- The rectangular wing panel with panel aspect r a t i o  1.73, cal led 
wing Ji+- 01, corresponds t o  a full wing of aspect r a t i o  4.00. This wing had 
1.5-percent-thick symmetrical hexagonal a i r f o i l  section and was of so l id  steel 
construction. For f l u t t e r  tes t ing  the wing was cantilever mounted from a half 
Fuselage which was shimmed 0.25 inch from the tunnel f loor  i n  order t o  extend the  
model beyond the floor boundary layer. (See f ig .  l (c ) . )  Experimental f l u t t e r  
data and mass and stiffness properties fo r  wing 4001 are  given i n  reference 9. 
Wing 2001.- The square wing panel (wing 2001) corresponds t o  a f~ll rectan- 
gular wing with aspect r a t i o  2.00 and with 9-percent-thick symmetrical diamond 
a i r f o i l  section. 
s ta inless-s teel  sheet with an in tegra l  rectangular shaft fo r  mounting. 
f ig .  l (d) . )  
core. 
constant i n e r t i a  properties and frequency ra t ios  f o r  three different  levels  of 
mounting-shaft s t i f fness .  
clamping the end of the shaft  a t  the tunnel w a l l  a s  shown i n  figure 1( a). The 
semicylindrical fa i r ing  shown was used f o r  transonic tes t ing  but was replaced by 
a ref lect ion plane f o r  supersonic testing. 
mass and s t i f fness  properties fo r  wing 2001 are given i n  reference 39. 
The wings which were f l u t t e r  tes ted  were bu i l t  on a core of 
(See 
The a i r f o i l  contour was formed by balsa wood cemented t o  the metal 
The cores were perforated and ballasted i n  order t o  maintain essent ia l ly  
For f l u t t e r  tes t ing these wings were mounted by 
The experimental f l u t t e r  data and 
Vibration Mode Shapes and Frequencies 
Mode shapes.- Uncoupled vibration modes were employed i n  f lut ter  calcula- 
t ions f o r  a l l  f ive  wings. For wings 4-00, b O R ,  7001, and 4001, calculated 
cantilever-beam modes for  the first torsion and first and second bending modes 
were used. Unlike the other four wings, wing 2001 was not cantilevered a t  the  
root; hence, the term "uncoupled modes" has a somewhat different  connotation f o r  
t h i s  wing. For wing 2001, the "uncoupled modes" are taken t o  be rigid-body modes 
fo r  the wing panel i n  pi tch and i n  flapping; these modes  were calculated and given 
i n  reference 39. In addition t o  these modes, the  first two measured natural  
(coupled) modes f o r  wing 2001were a lso  available from reference 39, and they 
were used i n  some flutter calculations.1 These coupled modes contain some tor -  
sional deformation of the wing panel which, of course, i s  not included i n  the 
rigid-body uncoupled modes. 
Modal frequencies.- With the exception of the  rigid-body frequencies which 
were calculated f o r  wing 2001, a l l  modal frequencies used herein were obtained 
from measured values. Since wings 400, &R, 7001, and 4001 are  cantilevered, 
unswept, and of moderate t o  high aspect r a t i o ,  their  natural-mode frequencies 
would be expected t o  differ l i t t l e  from the i r  uncoupled-mode frequencies, at  
l ea s t  i n  the lower modes. 
ence 40, the measured natural-mode frequencies f o r  these four wings are used 
Accordingly, following the procedure used i n  refer- 
h e  mode shape f o r  the th i rd  natural  mode i s  not given i n  reference 39. 
However, i t s  Omission from the f l u t t e r  calculations should have an insignif icant  
effect  on the resul t ing f l u t t e r  speeds because the third-mode frequencies were 
shown t o  be a t  least 2.5 times the second-mode frequencies. 
5 
di rec t ly  as uncoupled-mode frequencies. 
frequencies were "uncoupled" by means of the relat ion used i n  reference 40. 
resul t ing uncoupled torsion-mode frequencies d i f f e r  from the measured values by 
an insignificant amount. 
The corresponding measured torsion-mode 
m e  
All the modal frequencies used i n  the f l u t t e r  calculations are  summarized 
i n  tab le  I. 
FLUTTER AND DIVERGENCE CALCULATIONS 
General Considerations 
The types of f l u t t e r  and divergence calculations performed i n  t h i s  invest i -  
gation are  summarized i n  table  11. 
and 4001, a single representative value of flow density w a s  used fo r  each wing as 
i n  references 1 and 2 (see table  I herein),  because the large number of experi- 
mental f l u t t e r  points fo r  each of these wings were obtained a t  different  densi- 
t i e s .  The f l u t t e r  points measured fo r  wing 2001, however, were re la t ive ly  few, 
and they covered a considerably greater range of Mach number. 
calculation for  wing 2001 employed the value of flow density associated with the 
nearest experimental f l u t t e r  point. 
wing 2001included the flow density for  the f l u t t e r  point measured a t  the lowest 
Mach number ( M  = 0.97). 
references 2, 41, and 42. 
I n  a l l  calculations fo r  wings 400, b O R ,  7001, 
Therefore, each 
In par t icular ,  a l l  subsonic calculations fo r  
Some ef fec ts  of varying flow density are  discussed i n  
The transonic f l u t t e r  data fo r  wing 2001 were measured i n  Freon-12 rather 
Reference 41 pointed out tha t  flutter-speed boundaries than i n  a i r  ( re f .  39). 
for  Freon-12 are  s l igh t ly  lower than corresponding boundaries fo r  a i r  a t  the same 
density and Mach number because aerodynamic load in tens i t ies  (e.g., section l i f t -  
curve slopes) are  greater i n  Freon-12 than i n  air. This difference i n  loading 
has been accounted f o r  i n  order t o  make the calculated f l u t t e r  character is t ics  
more direct ly  comparable t o  the experimental data. For a l l  calculations corre- 
sponding t o  f l u t t e r  data measured i n  Freon-12, the load in tens i t ies  have been 
obtained by effect ively increasing corresponding loads fo r  a i r  by a Mach number 
dependent factor which ranged from 1.0 a t  M = 0 t o  about 1.1 i n  the transonic 
range. 
load-distribution measurements i n  air  and i n  Freon-12 shown i n  figure 16 of re f -  
erence 43. This  ty-pe of load modification i s  discussed i n  more d e t a i l  i n  refer-  
ence 41. 
The magnitude of t h i s  factor  was based on the extensive comparisons of 
Finally, very l i t t l e  information was available with regard t o  values of the 
However, modal st ructural  damping coefficients f o r  the f ive  wings investigated. 
damping-coefficient values for  the lower modes of homogeneous wings such as wings 
400, b O R ,  7001, and 4001 are  generally very low. 
should be very small because the predominant portion of the vibrational deforma- 
t ion  occurred i n  the so l id  metal mounting shaft .  
present f l u t t e r  calculations the  f l u t t e r  points were considered t o  be defined by 
conditions requiring zero s t ruc tura l  damping t o  sustain constant-amplitude osci l -  
lat ions.  
Also, damping fo r  wing 2001 
Consequently, i n  most of the 
A few calculations, however, included arbi t rary but small nonzero values 
6 
of s t ruc tura l  damping. 
for  a l l  modes. 
I n  a l l  cases the damping values were taken t o  be the same 
Methods of Analysis 
As indicated previously, a number of methods exist fo r  evaluating the osci l -  
la tory aerodynamic loads required i n  the f l u t t e r  analysis of unswept wings i n  
compressible flow. 
which are employed i n  the present investigation are described briefly i n  the fo l -  
lowing section. Some variations applied herein t o  two of the methods, namely the  
simplified steady-state method and the modified two-dimensional loading, a re  dis- 
cussed i n  somewhat more de ta i l .  
(See refs. 1 t o  31, f o r  example.) Several of these methods 
Modified s t r i p  analysis.- The modified-strip-analysis method of f l u t t e r  pre- 
diction was presented i n  reference 1, extended i n  references 3 and 4, and further 
applied i n  references 2, 41, and 42. I n  this method, spanwise dis t r ibut ions of 
steady-flow section l i f t -curve slope and local  aerodynamic center for  the unde- 
formed wing are  used i n  conjunction with the "effective" angle-of-attack distri- 
bution resul t ing from the assumed vibration modes i n  order t o  obtain values of 
section l i f t  and pitching moment. 
obtained from any sui table  theory or experiment, the c r i te r ion  being t h a t  t he  best 
method t o  use i s  the one tha t  yields  the most accurate steady-state load distri- 
butions. 
dimensional a i r f o i l s  osc i l la t ing  i n  compressible flow are employed t o  account f o r  
the e f fec ts  of osci l la tory motion on the magnitudes and phase angles of the lift 
and moment vectors. 
The steady-state aerodynamic parameters may be 
Circulation functions modified on the  basis of loadings f o r  two- 
Since the  required dis t r ibut ions of section l i f t -curve slope and loca l  aero- 
dynamic center may be obtained i n  any desired manner, fo r  the present calcula- 
t ions they w e r e  obtained from subsonic and supersonic l inearized three-dimensional 
potential-flow theory (l if t ing-surface theory) as i n  references 1 and 2, from mod- 
i f i ca t ion  of the supersonic linear-theory values based on two-dimensional shock- 
expansion theory as i n  reference 3 ,  and fromtransonic wind-tunnel and supersonic 
flight tests as i n  reference 4. (See table 11.) 
used herein fo r  wings 400, b O R ,  7001, and 4001 are given i n  references 1 and 4, 
and i n  figures 2 and 3 of the present report. 
comparison the corresponding values from subsonic l i f t ing- l ine  theory which were 
used i n  the f l u t t e r  calculations of references 1 and 2. 
shock-expansion theory a t  M = 1 .3  and M = yielded values of section lift- 
curve slope which w e r e  less than 2 percent greater than corresponding l inear-  
theory values; the loca l  aerodynamic centers obtained from shock-expansion theory 
w e r e  less than 2-percent chord forward of the corresponding posit ions indicated 
by l inear  theory. The steady-flow aerodynamic parameters required fo r  wing 2001 
( f ig .  4) were calculated from subsonic and supersonic l inearized l i f t ing-surface 
theory and fo r  the higher supersonic Mach numbers from linearized theory with a 
modification based on shock-expansion theory as i n  reference 3 .  
modified dis t r ibut ions of l oca l  aerodynamic center are included i n  figure 4, but 
the a l te red  section l i f t -curve slopes a re  very close t o  the  corresponding l inear-  
theory values and hence are  not shown. 
Some of the par t icular  values 
Figures 2 and 3 also include fo r  
For wing 4001, use of 
The resul t ing 
Although the modified s t r i p  analysis i s  applicable t o  swept wings a t  tran- 
sonic speeds ( r e f .  4), it was indicated i n  reference 1 t o  be unsuitable when the 
component of Mach number normal t o  the leading edge i s  near 1.0 because of the 
nature of the circulation functions employed. Thus the method i s  not usable for  
unswept wings i n  the transonic range. 
those of reference 4, supply some quantitative information on the  extent of t h i s  
inaccessible range. 
shown f o r  wing 2001. It i s  believed, .however,that the aspect r a t i o  of wing 2001 
i s  probably f a i r l y  close t o  the minimum fo r  which any s t r i p  method may reasonably 
be used at subsonic and low supersonic Mach numbers. 
The present calculations, i n  addition t o  
Applications extending in to  the hypersonic range are  a l so  
Simplified steady-state method.- The simplified steady-state method was pre- 
sented i n  reference 5 and applied with some variations i n  references 6 and 7. 
T h i s  method may be derived from the modified s t r i p  analysis by ignoring a l l  
unsteady aspects of the  aerodynamic loading and by neglecting a l l  aerodynamic 
terms which resu l t  from bending motions. 
the wing i s  a steady-state (pure r e a l )  loading which i s  associated with the 
instantaneous pi tch angle (o r  angle of a t tack)  of each wing section. 
method coincides with the zero-frequency l imiting case of the modified s t r i p  
analysis and may be employed fo r  any Mach number for  which accurate steady-state 
load distributions are  available. 
The only remaining aerodynamic input t o  
Hence, t h i s  
Such a method would, of course, be expected t o  yield reasonable f l u t t e r  
resu l t s  only when f l u t t e r  occurs a t  very low reduced frequencies. 
frequently ex is t s  i n  the supersonic t o  hypersonic range, but reduced frequencies 
often reached maximum values i n  the transonic range. 
transonic l imitation fo r  unswept wings, mentioned previously i n  connection with 
the modified s t r i p  analysis, does not apply t o  the simplified steady-state method 
because circulation functions a re  neglected. In  the present application t o  wing 
2001, however, Mach numbers very near 1.0 a re  not included because measured values 
of section l i f t -curve slope and loca l  aerodynamic center were not available,  and 
because the accuracy of steady-state potent ia l  theory i s  questionable near sonic 
speeds. 
This condition 
On the other hand, the 
Modified two-dimensional loading.- Another s t r i p  type of approach i s  t o  use 
aerodynamic coefficients fo r  two-dimensional osc i l la t ing  wings i n  a section-by- 
section application across the span of a f i n i t e  wing. I n  a procedure of t h i s  sor t ,  
finite-span effects  may be accounted f o r  approximately by weighting the two- 
dimensional osci l la tory coefficients on the basis  of three-dimensional steady- 
s t a t e  loading. References 9 and 10 give tabulated values of loading coefficients 
for  two-dimensional th in  wing sections osc i l la t ing  without deformation i n  compres- 
s ib l e  flow. These coefficients,  derived from subsonic, transonic, and supersonic, 
linearized unsteady potential-flow theory, are  applied herein t o  wings of f i n i t e  
span by weighting the osci l la tory two-dimensional section l i f t  and pitching moment 
on the basis of section l i f t  and pitching-moment coefficients calculated from l i n -  
earized three-dimensional steady-flow theory. Thus, fo r  each wing section 
kzuJn)p, steady 
'3D,unsteady = P2D,unsteady /c, 
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and 
where P2D,unsteady and (%,Ze)2D,unsteady are, respectively, the section lift 
and pitching moment given by the two-dimensional linearized potential-flow theo- 
ries of references 9 and 10; in all cases 
are, respectively, the well-known section lift-curve slope and section pitching- 
moment-curve slope given by two-dimensional steady-flow theory which corresponds 
to the zero-frequency limit for the theories of references 9 and 10, that is, 
and 2D, steady n, 2D , steady 
and 
Flutter calculations for all five wings were made with spanwise distributions 
obtained from subsonic (ref. 44) and 
Of (. 7.1 3D , steady and (Cm,9n)3D, steady 
supersonic (ref. 45) linearized potential-flow theory. 
tion, some supersonic flutter calculations for wing 2001 employed values of 
which were modified by shock-expansion (. 2u9n)3D, steady and k%JjD,steady 
theory as in reference 3 in order to take approximately into account the effect 
of finite wing thickness. Finally, for comparison, the two-dimensional linear- 
theory loadings of references 9 and 10 were employed without alteration in some 
calculations for wings 400 and 7001. 
(See table 11.) In addi- 
(See table 11.) 
These procedures are, of course, strip methods and hence are subject to 
the usual planform limitations that apply to such methods, as discussed in 
9 
reference 1, fo r  example. The present methods, however, a re  not r e s t r i c t ed  t o  
unswept wings but could be extended t o  swept wings by applying the previously 
described expressions t o  wing sections normal t o  the e l a s t i c  axis as  i n  the modi- 
f i ed  s t r i p  analysis ( re f .  1). Use of a steady-state type of modification such as  
the one employed here i s  questionable i f  the f l u t t e r  reduced frequency 
high. On the other hand, a t  Mach numbers near 1.0 the aerodynamic coefficients 
obtained from two-dimensional l inearized potential-flow theory a re  of question- 
able val idi ty  fo r  low reduced frequencies. The present procedure may therefore 
prove t o  be of limited value i n  the transonic range, even i f  measured steady-flow 
parameters were used i n  the modification. 
aO/V i s  
Subsonic kernel function.- The subsonic kernel-function f l u t t e r  calculations 
were based on the method described i n  reference I 2  (see also r e f .  11) which was 
derived from three-dimensional l inearized unsteady potential-flow theory. 
order t o  calculate the pressure dis t r ibut ion on an osc i l la t ing  wing from the 
in tegra l  equation which re la tes  pressure and downwash, the method of reference 12 
employs a collocation procedure. 
sidered t o  be composed of a l inear  combination of a number 
sure modes. The forms of the pressure modes a re  chosen so  tha t  the boundary con- 
dit ions a t  the leading edge, t r a i l i n g  edge, and t i p  are  sa t i s f ied .  The n 
arbi t rary coefficients i n  the l inear  combination of pressure modes a re  evaluated 
by requiring the pressure-induced downwash t o  equal tha t  resul t ing from the wing 
deflection a t  n discrete collocation points on the wing surface. 
In  
In  t h i s  procedure the l i f t i n g  pressure i s  con- 
n of assumed pres- 
I n  a l l  calculations the wing root was considered t o  be a ref lect ion plane, 
and the nine downwash collocation points used were located chordwise a t  25, 50, 
and 75 percent of the loca l  chord. Wings 400 and 40OR were cantilevered a t  the 
root, so the collocation points w e r e  taken a t  30, 60, and 90 percent of the panel 
span i n  order t o  evaluate the aerodynamic loading most accurately over the out- 
board portions of these wings where the greatest  deflections occurred. However, 
some unpublished calculations fo r  wing 400 have indicated tha t  the calculated 
f l u t t e r  characterist ics are  not very sensit ive t o  small changes i n  the spankbe 
positions of the collocation points. 
and significant deflection of the root occurred i n  both of i t s  measured natural  
vibration modes as well as  i n  i t s  rigid-body pitching and flapping modes. 
i n  order t o  obtain a reasonably accurate evaluation of the aerodynamic loading 
over the en t i re  wing panel, the collocation points fo r  wing 2001 were taken a t  
20, 50, and 80 percent of the panel span. 
Wing 2001 was not cantilevered a t  the root, 
Hence, 
Rectangular-wing theory. - The rectangular-wing theory of reference 13 (see 
also refs. 14  t o  18) i s  based on a development of the velocity potent ia l  f o r  
supersonic flow near the corner of a quarter-infinite thin wing undergoing har- 
monic motion of small amplitude with a rb i t ra ry  deflection shape. The solution t o  
t h i s  linearized boundary-value problem i s  obtained by means of integral transform 
techniques and i s  expressed i n  terms of integrals  over a portion of the  wing area. 
This method has been applied ( r e f .  17) t o  the calculation of osci l la tory section 
lift and pitching-moment coefficients fo r  wings with deflection shapes tha t  a re  
l inear  i n  the chordwise coordinate and monomial (single-power term) i n  the span- 
wise coordinate. 
t e r  calculations f o r  wings 7001, 4001, and 2001. 
modes for wings 7001 and 4001 as  well as the rigid-body modes and natural  modes 
The equations of reference 17 have been employed herein i n  f l u t -  
The cantilever-beam (uncoupled) 
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for wing 2001 are linear in the chordwise variable so that the chordwise- 
deflection-shape restriction of reference 17 imposes no additional approximation. 
However, spanwise variations of the mode shapes for these wings were approximated 
by polynomials, and the expressions of reference 17 were applied for each mono- 
mial term. For wings 7001 and 4001, the first torsion mode and the first and sec- 
ond bending modes were approximated, in the least-squares sense, by polynomials 
of third, fourth, and fifth degrees, respectively. For wing 2001both the rigid- 
body modes and the natural modes, given in reference 39, are Unear in the span- 
wise variable. 
In addition to the usual limitations of linearized aerodynamic theory, the 
rectangular-wing theory is also limited t o  Mach numbers for which no Mach line 
from the wing tip intersects the root chord. 
ble for Mach numbers near 1.0. 
Hence, it is not generally applica- 
Aerodynamic influence coefficients.- The aerodynamic-influence-coefficient 
method of references 19 to 21is based on the linearized velocity potential for 
an oscillating wing in supersonic flow. 
wing is expressed as a surface integral of the product of the oscillatory down- 
wash and the influence function. The downwash, in turn, is evaluated from the 
frequency and the vibration mode shape, and the influence function is derived 
from the properties of simple flow singularities. 
pressure integral cannot be evaluated in closed form, so that a finite-summation 
approximation is employed for its computation. 
is divided into small but finite areas or "boxes," and the influence function is 
approximated in each box by its value at the box center. For the present cal- 
culations the boxes were taken to be rectangles with diagonals parallel to the 
Mach lines. 
boxes are discussed in references 19 to 23. Regardless of the shape of the boxes, 
however, their size must be decreased and their number increased until conver- 
gence of the flutter solution is indicated. If convergence is achieved and if 
the reduced frequency is small, the influence-coefficient method should yield 
essentially the same flutter results for rectangular wings as the previously 
mentioned rectangular-wing theory. 
was therefore used in flutter calculations for only one wing (wing 4001). 
table 11.) 
The oscillatory lifting pressure on the 
In general, the lifting- 
For this purpose the wing surface 
The advantages and disadvantages of several different shapes of 
The aerodynamic-influence-coefficient method 
(See 
Quasi-steady second-order theory.- The quasi-steady second-order theory 
employed herein and in references 25, 26, and 42 is based on the supersonic 
steady-flow second-order theory of reference 24. 
sion of reference 24 (see also ref. 25) is used to represent the pressure distri- 
bution on an oscillating wing as if it were composed of a succession of steady- 
state distributions each associated with an instantaneous angle of attack. 
procedure is reasonable for high Mach numbers because the flutter reduced fre- 
quency generally decreases as Mach number increases. 
the unsteady aspects of the flow have reduced significance. 
The lifting-pressure expres- 
This 
Thus, at high Mach numbers 
The lifting-pressure expression for quasi-steady second-order theory 
(ref. 25) differs from that for second-order piston theory only with regard to 
two coefficients that are functions of Mach number and the ratio of specific 
heats. Furthermore, as Mach number approaches infinity, the lifting-pressure 
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expressions for  the two theories approach each other. 
inclusion of a i r f o i l  shape, and t h i s  was accounted for  i n  the present calcula- 
t ions.  A s  indicated i n  references 25 and 26, the f l u t t e r  resu l t s  of these two 
theories are generally similar, with the quasi-steady second-order theory usually 
yielding the be t te r  agreement with experiment a t  the lower supersonic Mach num- 
bers. 
of the present report. 
Both theories permit the 
Therefore, piston theory has not been included i n  the f l u t t e r  comparisons 
Neither quasi-steady second-order theory nor piston theory take formally 
into account the aerodynamic e f fec ts  of streamwise wing t i p s .  
of the f l u t t e r  calculations for  wing 2001 an approximate t i p  correction was made 
(as  i n  refs .  26 and 42) on the basis of steady-flow l inear  theory. This t i p  cor- 
rection consists of multiplying the second-order-theory loading a t  each point on 
the wing by the r a t i o  of steady-state load ( r e f .  45) fo r  the wing with streamwise 
t i p  t o  steady-state load for  the wing without streamwise t i p .  
a l t e r s  the aerodynamic loading only within the tr iangular region influenced by 
the t i p ,  and it is ,  of course, a reasonable approximation only for  low reduced 
frequencies. 
However, i n  a l l  
The correction 
PRESENTATION OF RESULTS 
Results of the f l u t t e r  and divergence calculations fo r  the f ive unswept 
wings ( table  11) are  compared with experimental f l u t t e r  data i n  figures 5 t o  10. 
To f a c i l i t a t e  comparisons with previously published resu l t s ,  f l u t t e r  and diver- 
gence speeds for  a l l  the wings a re  presented i n  the form of a speed r a t i o  V/VR. 
I n  t h i s  ra t io  the normalizing reference speed 
mental point i s  the f l u t t e r  speed calculated by the modified-strip method, with 
the density associated with the numerator 
two-dimensional incompressible flow (CZu,n = 21( and ac,n = - - :> For wing 2001, 
a l l  values of VR were calculated with rigid-body vibration modes. In addition 
t o  the flutter-speed and divergence-speed ra t ios ,  the resu l t s  fo r  wing 2001 are  
V a lso presented i n  the form of a flutter-speed and divergence-speed index - 
( f igs .  g(b) and 10(b)) i n  order t o  show tha t  the two types of graph d i f f e r  only 
s l igh t ly  for an unswept wing which f l u t t e r s  a t  low reduced frequencies. In  con- 
trast, reference 42 showed that these types of graph may differ noticeably f o r  a 
Swept wing which flutters a t  re la t ive ly  higher reduced frequencies. 
VR f o r  each theoret ical  o r  experi- 
V and with aerodynamic parameters fo r  
b%.G 
All f l u t t e r  frequencies are normalized with respect t o  the uncoupled-torsion- 
mode frequency %. 
do not show the transonic discontinuities usually exhibited by the calculated 
f l u t t e r  speeds. 
have been calculated by the same method, the resul t ing frequency curves have been 
faired through the transonic range. 
The calculated f l u t t e r  frequencies given i n  figures 5 t o  8 
Therefore, where both subsonic and supersonic f l u t t e r  frequencies 
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Unless otherwise indicated, a l l  calculated f l u t t e r  points are  defined by 
conditions f o r  zero s t ruc tura l  damping ( g  = 0 ) .  
DISCUSSION OF FLUTTER HESULTS 
Subsonic Speed Range 
Modified s t r i p  analysis.- For wings 400, b O R ,  7001, and 4001 ( f igs .  5 t o  8 ) ,  
subsonic f l u t t e r  speeds calculated by the modified s t r i p  analysis are  i n  good 
agreement with the f e w  available experimental data points f o r  Mach numbers up t o  
0.85. 
upward a t  Mach numbers around 0.80 and thus begin t o  deviate from the experimental 
trend. 
functions employed, f l u t t e r  speeds calculated fo r  unswept wings increase without 
l i m i t  as M approaches 1.0. Although reference 4 showed tha t  t h i s  asymptotic 
increase of calculated f l u t t e r  speed was eliminated by use of measured steady-flow 
aerodynamic parameters, the  resul t ing f lu t t e r  speeds were s t i l l  not i n  sat isfac-  
tory agreement with experimental values. 
measured aerodynamic parameters as i n  reference 4 would resu l t  i n  any significant 
or consistent extension of the 0 5 M 5 0.85 
the modified s t r i p  analysis t o  unswept wings. 
t r a t ed  sat isfactory application of the method t o  swept wings through the transonic 
range. 
For wings 7001 and 4001, however, the calculated flutter-speed curves turn 
Reference 4 indicated tha t  because of the behavior of the  circulation 
It i s  therefore unlikely tha t  use of 
range of usefulness fo r  applying 
In  contrast, reference 4 i l l u s -  
For wing 2001, subsonic experimental data a re  not available for  comparison 
with resu l t s  of the modified s t r i p  analysis, but the calculated subsonic f l u t t e r  
speeds are  somewhat higher than the measured values a t  Mach numbers near 1.0 
( f ig .  g (a) ) .  
U s e  of the natural  vibration modes, which contain some tors ional  deformations not 
represented by the rigid-body modes, would be expected t o  y ie ld  some reduction of 
However, these calculations employed rigid-body vibration modes. 
calculated f l u t t e r  speed as it did i n  the case 
steady-state method and by the kernel-function 
The subsonic f l u t t e r  frequencies obtained 
( f igs .  5 t o  9) show l i t t l e  variation with Mach 
with experimental values. 
of calculations by the simplified 
method ( f ig .  10( a) ) .  
from the modified s t r i p  analysis 
number and compare sa t i s fac tor i ly  
Simplified steady-state method.- The simplified steady-state method was 
employed only f o r  wing xx)1 ( f igs .  9 and 10). Subsonic f l u t t e r  speeds calculated 
by t h i s  method with rigid-body modes and with aerodynamic parameters obtained 
from linearized theory decrease monotonically with increasing Mach number and are  
i n  good agreement with transonic experimental values ( f ig .  9 ) .  
simplified steady-state method and the modified-strip-analysis method yield essen- 
t i a l l y  coincident f l u t t e r  speeds. 
s t a t e  method predicts the lower f l u t t e r  speeds primarily because the "circulation 
function" associated with tha t  method i s  f o r  a l l  reduced frequencies and 
Mach numbers. Therefore, as M approaches 1.0, f l u t t e r  speeds calculated by the 
simplified steady-state method do not rise asymptotically as do those given by 
the modified s t r i p  analysis. 
A t  M = 0, the 
A t  higher Mach numbers the simplified steady- 
1 +  i o  
Subsonic f l u t t e r  speeds calculated by the  simplified steady-state method 
with natural  vibration modes are about 18 percent lower than those obtained with 
rigid-body modes and, i n  comparison with experiment a t  Mach numbers near 1.0, 
appear t o  be about 10 t o  15 percent conservative ( f ig .  10). It should be r e m e m -  
bered, however, t h a t  accuracy of f l u t t e r  prediction with t h i s  method requires the  
f l u t t e r  reduced frequency t o  be low. This condition i s  sa t i s f i ed  fo r  wing 2001 
which i s  an all-moving surface, but, fo r  cantilevered surfaces, reduced-frequency 
values might not, i n  general, be s m a l l  enough t o  y ie ld  acceptably accurate f l u t -  
t e r  speeds, par t icular ly  i n  the  subsonic and low supersonic ranges. 
Modified two-dimensional loading.- For a l l  f i ve  wings f l u t t e r  speeds cal-  
culated by use of modified two-dimensional loading are  close t o  values given by 
the  modified s t r i p  analysis a t  the  lower subsonic Mach numbers ( M  < 0.75). 
wing 400, however, the f l u t t e r  speeds obtained with modified two-dimensional 
loading increase monotonically with increasing Mach number, contrary t o  the  usual 
experimental t rend and contrary t o  the  t rend indicated by the modified s t r i p  anal- 
y s i s  and by the  subsonic kernel-function method ( f ig .  ?). Moreover, strip-theory- 
type f l u t t e r  calculations employing two-dimensional loading coeff ic ients  without 
modification fo r  f i n i t e  span ( f i g .  5 )  indicated tha t  the  extensive upturn of t he  
flutter-speed curve a t  the higher subsonic Mach numbers i s  not caused by the 
finite-span modification. A t  the  higher subsonic Mach numbers, f l u t t e r  speeds 
obtained by use of modified two-dimensional loading become appreciably higher 
than experimental values. 
unmodified two-dimensional loading, showed a similar upturn of calculated f lu t -  
t e r  speed as Mach number approached 1.0. In  contrast ,  corresponding f l u t t e r  
speeds calculated fo r  wing 400R ( f i g .  6 )  decreased as Mach number increased t o  
0.95 and were i n  good agreement with experimental f lutter-speed leve ls  up t o  
M = 0.99. Subsequent calculations showed t h a t  this difference i n  calculated 
f l u t t e r  speed between wings 400 and b 0 R  w a s  caused primarily by t h e i r  d i f fe ren t  
section center-of-graviiy locations. Differences i n  section mass and moment of 
i n e r t i a  i n  pi tch had l i t t l e  e f fec t ,  and the  differences i n  modal frequency r a t i o s  
and flow density f o r  these two wings had negligible e f fec t  on the  shape of the  
calculated flutter-speed curves. 
For 
The calculations of reference 46, which employed 
For wings 7001 and 4001, f l u t t e r  speeds calculated by use of modified two- 
dimensional loading are i n  good agreement with experimental values up t o  Mach 
numbers above 0.90 ( f ig s .  7 and 8). 
become excessively conservative a t  the  higher subsonic Mach numbers ( f ig .  9 ) .  
For wing 2001, however, the  calculated values 
Flut ter  frequencies calculated with modified two-dimensional loading compare 
sa t i s fac tor i ly  with the  available measured values f o r  a l l  f ive  wings. 
Subsonic kernel function.- Both f lu t t e r  speeds and frequencies calculated 
by t h e  subsonic kernel-function method f o r  wings 400 and b O R  (figs. 5 and 6) 
are i n  good agreement with experimental values for Mach numbers up t o  at  least 
0.95. However, some similar calculations (unpublished) f o r  swept wings have 
indicated tha t  under some conditions the  agreement may be less sat isfactory,  
par t icular ly  at Mach numbers near 1.0. 
especially when reduced frequencies are s m a l l ,  any l inear ized aerodynamic theory 
should probably be used with caution because the  nonlinear e f fec ts  of viscosity,  
mixed flow regions, and shock waves may s ignif icant ly  influence aerodynamic 
loadings. 
I n  f a c t ,  fo r  Mach numbers approaching 1.0, 
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For wing 2001, f l u t t e r  speeds obtained from the kernel-function method a t  
the higher subsonic Mach numbers essent ia l ly  coincide with values given by the 
simplified steady-state method ( f igs .  9 and 10). When rigid-body vibration modes 
a re  used i n  the calculations, the results of both methods are  i n  very good agree- 
ment with measured f l u t t e r  speeds a t  Mach numbers up t o  0.99. 
ured natural  modes are  used, the calculated f l u t t e r  speeds a re  s l igh t ly  
conservative. 
However, when meas- 
Supersonic Speed Range 
Modified s t r i p  analysis.- Supersonic f l u t t e r  speeds calculated fo r  a l l  f ive  
wings by the modified s t r i p  analysis with aerodynamic parameters obtained from 
linearized theory are unconservative by amounts varying from a few percent for  
wing h R  ( f ig .  6) t o  about 140 percent for  wing 400 ( f ig .  5) .  
showed that, f o r  wings 400, b O R ,  7001, and 4001, these unconservative resu l t s  
were associated with two conditions: (1) Flut ter  speeds given by the  modified 
s t r i p  analysis become very sensit ive t o  small changes i n  loca l  aerodynamic center, 
which appears expl ic i t ly  i n  the f l u t t e r  equations, when the loca l  aerodynamic ten- 
t e r s  l i e  close t o  the loca l  centers of g rav i ty  and (2)  Linearized aerodynamic 
theory character is t ical ly  predicts aerodynamic centers t ha t  a re  too f a r  aft .  
example, reference 2 showed tha t  a forward sh i f t  of only 1-percent chord i n  the 
loca l  aerodynamic-center locations f o r  wing 7001 reduced the calculated super- 
sonic f l u t t e r  speeds t o  levels  that agreed well with the experimental data. 
thermore, reference 4 and figures 5 and 6 show t h a t  the  use of measured aerody- 
namic parameters greatly improved calculated results fo r  wing 400 and produced 
excellent agreement with experimental f l u t t e r  speeds and frequencies fo r  wing 




For wing 4001, use of aerodynamic parameters given by shock-expansion theory 
reduced calculated f l u t t e r  speeds considerably below values obtained with l ine-  
arized aerodynamic theory ( f ig .  8), but the  reduction does not appear t o  be suf- 
f i c i en t  t o  y ie ld  close agreement with experiment. Use of shock-expansion theory 
fo r  wing 2001 ( f ig .  9) reduces f l u t t e r  speeds calculated with rigid-body modes 
t o  about two-thirds of the values obtained with linear-theory aerodynamic param- 
e t e r s  and results i n  accurate representation of experimental trends, although 
calculated flutter-speed levels  remain somewhat high. 
structural-damping values were not available for wing 2001, the modified-strip- 
analysis calculations wMch included f i n i t e  wing t h i c h e s s  (aerodynamic param- 
e t e r s  obtained from shock-expansion theory) for this wing indicated tha t  inclu- 
sion of a small amount of s t ruc tura l  damping would decrease s l igh t ly  the  
calculated supersonic f l u t t e r  speeds shown i n  figure 9. For example, a t  
M = 6.86, an increase i n  
ter  speed by about 4.5 percent. 
t ions s t ruc tura l  damping may have an adverse effect  on f l u t t e r  speeds calculated 
by piston theory f o r  hypersonic Mach numbers. 
i s  not applicable fo r  Mach numbers near 1.0 and may be applied only approximately 
fo r  wings with round leading edges. 
wings i n  the low supersonic range, the attainment of generally accurate f l u t t e r  
results from the  modified s t r i p  analysis w i l l  require the use of measured 
Although measured 
g from 0 t o  0.01 would decrease the calculated f l u t -  
Reference 47 has shown that under some condi- 
Shock-expansion theory, however, 
It appears, therefore, t ha t  fo r  unswept 
steady-state aerodynamic parameters, par t icular ly  when the loca l  aerodynamic 
centers l i e  close t o  loca l  centers of gravity. 
Simplified steady-state method.- Supersonic f l u t t e r  speeds calculated for  
wing 2001 by the simplified steady-state method with rigid-body modes a re  essen- 
t i a i l y  coincident with corresponding r e su l t s  of the modified s t r i p  analysis 
( f ig .  9) because f l u t t e r  reduced frequencies f o r  t h i s  wing were very low ( l e s s  
than 0.06). Since f l u t t e r  resu l t s  from the simplified steady-state method and 
from the modified s t r i p  analysis approach each other as the f l u t t e r  reduced f r e -  
quency approaches zero, a l l  the supersonic r e su l t s  obtained fo r  wing 2001 by t h i s  
simplified steady-state method are  considered t o  be indicative of the approximate 
flutter-speed and flutter-frequency levels  t ha t  would be predicted by corre- 
sponding modified-strip-analysis calculations. 
Both f l u t t e r  speeds and frequencies calculated for  this wing by the simpli- 
f i ed  steady-state method with natural  vibration modes and with aerodynamic param- 
e te rs  obtained from shock-expansion theory ( f ig .  10) are  i n  generally sat isfactory 
agreement with experiment over the Mach number range covered (1.30 5 M 5 6.86). 
Similar calculations employing linear-theory aerodynamic parameters yield f l u t t e r  
speeds that  agree well with experiment a t  Mach numbers near 1.1 but rapidly devi- 
a t e  unconservatively from experimental values as  Mach number increases. 
Modified two-dimensional loading.- Supersonic f l u t t e r  speeds calculated f o r  
wings 4-00, MOR, and 4001 ( f ig s .  5 ,  6 ,  and 8) by use of modified two-dimensional 
loading are generally i n  good agreement with experiment. For wing 4-00, however, 
the calculations predict a hump i n  the flutter-speed curves near M = 1.1 which 
i s  not confirmed by experiment. A similar transonic hump was indicated by the 
calculations of reference 46 which employed two-dimensional loading without mod- 
i f ica t ion  f o r  f i n i t e  span. The hump fo r  wing 400 ( f i g .  5 )  and a similar one fo r  
wing 4.001 ( f ig .  8), however, a re  l e s s  prominent when a small amount of s t ruc tura l  
damping i s  included i n  the calculations. 
number ( M  = 1.05), the inclusion of s t ruc tura l  damping increased the calculated 
f l u t t e r  speeds as it did i n  the calculations of reference 48. 
culations, however, employed the theory of reference 49 which was expressed only 
fo r  rigid-body motion. 
Except a t  the lowest supersonic Mach 
The l a t t e r  cal-  
Calculations fo r  wing 400 based on two-dimensional loading coefficients 
without modification fo r  f i n i t e  span ( f i g .  5 )  show tha t  the finite-span modifica- 
t ion  can be ei ther  s tab i l iz ing  or  destabil izing depending, for  example, on Mach 
number. 
F lu t te r  speeds for wing 7001 calculated with modified two-dimensional loadirig 
( f ig .  7) are excessively conservative and are not s ignif icant ly  improved by the  
inclusion of s t ruc tura l  damping. 
ent f ive wings, wing 7001 would be expected t o  experience aerodynamic loadings 
most closely representable by coefficients f o r  two-dimensional flow. 
figure 7(a) shows that the e f fec t  of the finite-span modification i s  re la t ive ly  
small for t h i s  wing, par t icular ly  i n  the supersonic range. 
t ha t  the f l u t t e r  calculations which employ modified two-dimensional loading also 
produced a second f l u t t e r  boundary which i s  as unconservative as the previously 
mentioned lower boundary i s  conservative. 
This result i s  surprising because, of the  pres- 
Indeed, 
It i s  noted, however, 
For wing 7001, calculations with 
unmodified two-dimensional loading produced f l u t t e r  speeds which decrease as Mach 
number increases i n  the low supersonic range. 
t o  experiment, it agrees qual i ta t ively with the resu l t s  of similar calculations 
f o r  the  nearly ident ica l  wing of reference 50. 
Although t h i s  trend i s  contrary 
F lu t t e r  speeds calculated by use of modified two-dimensional loading f o r  
wing 2001 with rigid-body vibration modes (f ig .  9 )  behave i n  a manner similar t o  
t h a t  shown by modified-strip-analysis resul ts .  
from the l inearized theory r i s e  sharply and unconservatively as Mach number 
increases. 
expansion theory, the resul t ing calculated f l u t t e r  speeds show much be t t e r  agree- 
ment with the experimental trend although the flutter-speed curve remains a t  a 
somewhat unconservative level.  
with the natural  vibrations modes. Such a calculation, however, would be expected 
t o  predict  more accurate f l u t t e r  speeds on the basis of corresponding calculations 
by the simplified steady-state method ( f ig .  10). 
That is ,  f l u t t e r  speeds calculated 
When the linear-theory loadings are modified on the basis of shock- 
The l a t t e r  type of calculation was not repeated 
For a l l  f ive  wings, supersonic f l u t t e r  frequencies calculated with modified 
two-dimensional loading are  excessively high. (See f igs .  5 t o  9.) 
Rectangular-wing theory.- F lu t t e r  speeds for  wing 7001 calculated from 
rectangular-wing theory ( f ig .  7) a re  s l igh t ly  conservative and appear t o  represent 
accurately the experimental trend. Similar calculations f o r  wing 4001 yie ld  some- 
what unconservative results ( f ig .  8). 'Phese curves as  well as the corresponding 
curves calculated by modified s t r i p  analysis with linear-theory aerodynamic param- 
e t e r s  r i s e  quite steeply with increasing Mach number. 
curves calculated by these two methods are  generally separated by a difference i n  
Mach number of only about 0.1, the f l u t t e r  speeds predicted f o r  a given wing a t  
a par t icular  Mach number d i f f e r  appreciably. 
i n  the  range 
are  comparable t o  values given by the modified s t r i p  analysis with aerodynamic 
parameters based on shock-expansion theory (f ig .  8). 
c ies  fo r  these two wings obtained by use of rectangular-wing theory compare favor- 
ably with experimental values and with values given by the modified s t r i p  analysis 
( f igs .  7(b) and 8(b)) .  
Thus, even though the 
It may be noted f o r  wing b o l t h a t  
1.3 5 M 5 1.4, f l u t t e r  speeds obtained from rectangular-wing theory 
Moreover, f l u t t e r  frequen- 
For wing 2001, supersonic f lut ter  speeds calculated from rectangular-wing 
theory ( f ig .  9 )  r i s e  rapidly and unconservatively as Mach number increases. 
a l l  Mach numbers covered, these calculated f l u t t e r  speeds l i e  between values 
given by modified two-dimensional loading and by modified s t r i p  analysis with 
linear-theory aerodynamic parameters. Except f o r  Mach numbers close t o  1.0, it 
appears that none of the f l u t t e r  analyses which a re  based on l inearized aerody- 
namic theory correctly predict  e i ther  flutter-speed levels  or  trends f o r  
wing 2001. 
A t  
Aerodynamic influence coefficients.- A s  expected, f l u t t e r  speeds calculated 
fo r  wing 4001 by the  aerodynamic-influence-coefficient method ( f ig .  8) a re  nearly 
the same as  corresponding values given by the rectangular-wing theory. However, 
i n  comparison with r e su l t s  from the modified s t r i p  analysis and from the 
rectangular-wing theory, f l u t t e r  frequencies given by the aerodynamic-influence- 
coefficient method ( f ig .  8 (b ) )  are higher and fa r ther  from the experimental values. 
Quasi-steady second-order theory.- Over t h e  Mach number range covered, f l u t -  
t e r  speeds calculated fo r  wing 2001 from quasi-steady second-order theory with 
e i the r  rigid-body vibration modes or  natural  modes are  only s l i gh t ly  below corre- 
sponding values given by the simplified steady-state method ( f ig s .  9 and 10). 
However, when natural  modes ( ra ther  than rigid-body modes) are used, t he  f l u t t e r -  
speed and flutter-frequency r e su l t s  of both methods a re  lower and i n  much b e t t e r  
agreement with experimental values ( f i g .  10) .  
DISCUSSION OF DIVERGENCE RESULTS 
Subsonic Speed Range 
Modified s t r i p  analysis and modified two-dimensional loading.- A s  indicated 
previously, when the reduced frequency i s  zero, the  equations of the  modified 
s t r i p  analysis are  ident ica l  t o  those of the  simplified steady-state method. 
Furthermore, the expressions f o r  divergence obtained from the  modified s t r i p  
analysis and from modified two-dimensional loading are  ident ica l  so  t h a t  a l l  
three methods predict  the  same divergence speeds. Figures 5 t o  9 show t h a t  as 
Mach number increases, the subsonic divergence speeds obtained by use of l inear -  
theory aerodynamic parameters i n  these methods character is t ical ly  decrease a t  a 
more rapid rate than do the corresponding calculated f lu t te r  speeds. 
only f l u t t e r  w a s  encountered experimentally, the  calculated subsonic divergence- 
speed curves f o r  wings 400, b O R ,  7001, and 4001 drop below the  experimental f l u t -  
t e r  points and below the  calculated f l u t t e r  boundaries a t  Mach numbers near 1.0. 
Thus these predicted divergence speeds are obviously conservative, a t  least a t  
the  higher subsonic Mach numbers. 
Although 
Subsonic kernel function.- The subsonic kernel-function method was employed 
i n  divergence calculations only f o r  wing 2001 ( f ig .  9). Throughout the  subsonic 
range the resul t ing divergence speeds agree closely with those given by the  mod- 
i f i e d  s t r i p  analysis and by modified two-dimensional loading, although experi- 
mental confirmation of the calculated values i s  not available. 
Supersonic Speed Range 
Modified s t r i p  analysis and modified two-dimensional loading.- A l l  the  
supersonic divergence speeds calculated from the  modified s t r i p  analysis and 
from modified two-dimensional loading l i e  w e l l  above a l l  calculated f lut ter  
boundaries. These divergence curves r ise very s teeply.  
with increasing Mach number, and a l l  become i n f i n i t e  a t  relatively low supersonic 
Mach numbers. 
indicate  any f i n i t e  divergence speeds i n  the  Mach number range covered. Calcula- 
t ions  for  wing 2001 ( f ig s .  9 and 10) did not y ie ld  f i n i t e  divergence speeds for  
Mach numbers above 1.30. 
Rectangular-wing theory.- The divergence speed for  wing 4001 a t  M = 2 / f i  
has been calculated from rectangular-wing theory. 
( f ig .  8 (a ) )  i s  only about 6 percent above the corresponding calculated f l u t t e r  
(See f igs .  5 ,  6 ,  and 8.) 
I n  fact, supersonic divergence calculations f o r  wing 7001 did not 
The resu l t ing  divergence speed 
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speed and i s  a l so  close t o  the f l u t t e r  speed predicted by the aerodynamic- 
influence-coefficient method. 
SUMMARY OF R?3SULTS 
Subsonic and supersonic f l u t t e r  and divergence calculations have been made 
fo r  f ive  unswept wings by several analyticalmethods. 
pared with experimental f l u t t e r  data i n  order t o  assess the usefulness of each 
method f o r  predicting aeroelastic i n s t ab i l i t i e s ,  par t icular ly  near sonic speed 
and i n  the hypersonic range. 
The resu l t s  have been com- 
For Mach numbers below about 0.75, l i t t l e  difference appeared between f l u t -  
t e r  speeds predicted by modified s t r i p  analysis, by two-dimensional loading modi- 
f i ed  t o  account fo r  the f i n i t e  planform, and by subsonic kernel function. 
calculated f l u t t e r  boundaries appeared t o  be a t  reasonable levels.  
steady-state method, which represents the zero-frequency l imiting case of the 
modified s t r i p  analysis, gave similar resul ts  for  a wing which f lu t te red  a t  low 
reduced frequencies. 
A l l  
A simplified 
This investigation, together with previously published related information, 
indicates that the modified s t r i p  analysis, which has previously been shown t o  
yield accurate transonic f l u t t e r  resu l t s  for  swept wings, may be expected t o  
yield generally accurate subsonic f l u t t e r  resu l t s  fo r  unswept wings only up t o  
a Mach number of about 0.85 because of l imitations inherent i n  the method. A t  
these higher subsonic Mach numbers, resu l t s  obtained with modified two-dimensional 
loading were not consistently satisfactory.  The subsonic-kernel-function method 
yielded accurate f l u t t e r  resu l t s  up t o  Mach numbers above 0.90. 
which f lu t t e r ed  a t  low reduced frequencies, the simplified steady-state method 
gave f l u t t e r  speeds which were very close t o  those from the subsonic kernel 
function. 
For the wing 
Results of the modified s t r i p  analysis become sensit ive t o  small changes i n  
local-aerodynamic-center position when the aerodynamic centers l i e  close t o  loca l  
centers of gravity. 
wings even a t  re la t ively low supersonic Mach numbers, l inearized aerodynamic 
theory i s  not adequate, and satisfactory f l u t t e r  prediction by the modified s t r i p  
analysis reqyires tha t  the aerodynamic centers be located by the more accurate 
nonlinear theories, which account fo r  effects  of f i n i t e  wing thickness, or by 
steady-flow experiments. 
t e r  boundaries fo r  some wings i n  the low supersonic range, but, as i n  the sub- 
sonic range, the resu l t s  w e r e  not consistently satisfactory.  Rectangular-wing 
theory, which is based on l inearized aerodynamic theory, gave reasonable f l u t t e r  
resu l t s  a t  low supersonic Mach numbers, and, a s  expected, these f l u t t e r  boundaries 
were closely approximated by the aerodynamic-influence-coefficient method. For 
the wing which f lu t te red  a t  low reduced frequencies, a l l  calculations employing 
l inearized aerodynamic theory yielded f l u t t e r  speeds tha t  quickly became exces- 
sively unconservative as Mach number increased. 
modified s t r i p  analysis, the simplified steady-state method, modified two- 
dimensional loading, and rectangular-wing theory. On the other hand, when 
Under these conditions, which frequently occur fo r  unswept 
Modified two-dimensional loading yielded accurate f l u t -  
These calculations included the 
shock-expansion theory w a s  employed i n  the  modified s t r i p  analysis,  i n  the  s i m -  
p l i f i e d  steady-state method, and i n  modified two-dimensional loading, a l l  three 
methods were indicated t o  be capable of predicting sat isfactory f l u t t e r  bounda- 
ries fo r  t h i s  wing even i n t o  the hypersonic range. 
a l so  obtained with quasi-steady second-order theory. 
Sat isfactory resu l t s  were 
Subsonic divergence speeds calculated from the modified s t r i p  analysis were 
coincident with those obtained with modified two-dimensional loading and were 
very close t o  those given by the  subsonic kernel function. Although no experi- 
mental divergence data were available f o r  comparison, the  calculated divergence 
boundaries were indicated t o  be conservative i n  the high subsonic range because 
they were below experimeptal f l u t t e r  points. 
Calculated supersonic divergence boundaries were generally well above cor- 
responding f l u t t e r  boundaries and rose very steeply as  Mach number increased. 
Langley Research Center, 
National Aeronautics and Space 
Langley Station, Hampton, 
Admini s t ra t ion ,  
V a . ,  October 4, 1963. 
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13-70 r-t - 3  .OO d1am.- 5-55 
(a) Wings 400 and 400R. 
\ 
(b) Wing 7001. 
Figure 1.- Wings employed i n  flutter analyses. A l l  dimensions are i n  inches. 
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( c )  Wing 4001. 
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Mounting-shaft th icknesses  were 0.033, 0.047, o r  O.Ob5 Inch 
(a) Wing 2001. 
Figure 1.- Concluded. 
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(b) M = 0.75. 
Figure 2.- Spanwise distributions of steady-flow aerodynamic parameters for wlng 7001. 
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(b) M = 0.5; e = 1.030. 






















(a) M = 0.9; e = 1.075. 
Figure 4.- Continued. 
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(f) M = 1.U; e = 1 . U O .  







(g) M = 1.1765; e = 1.llO. 
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(h) M = 1.25. 
Figure 4.- Continued. 
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--- Linaarized theory with shock-expansion correction 
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(m) M = 3.00. 
Linearized theory --- Linearized theory with shock-expansion correction 
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Figure 4.- Continued. 
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( 0 )  M = 5.00. 
(p) M = 6.86. 
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Linearized lifting-surface theory 
wind tunnel test 
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Modified two-dimensiond loading 
_ _ _ -  g = o  
g = o o 2  
Unmodified two-dimensional loading 
- -  Subsonic kernel function 
DIVERGENCE CALCULATIONS 
Modified strip analysis vlth c~ . - - -  - - - - and Q," Obtained from 
linearized lifting-surface fhzb:y; modified two-dimenrionll 
.1 .2 .3 .4 .5 .6 .7 .9 .7 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.n 1.9 2.0 
M 
(a) Flutter-speed and divergence-speed ratios. 
Figure 5.- Flutter and divergence characteristics of wing 400. For all calculated 
points p = 0.002378 slug/cu ft, co, = 2,463 radians/sec, and VR = 976.5 ft/sec. 
i 
(b) Flutter-frequency ratios. 




















Linsarizad lifting-surface theory 
Wind tunnel test 
0 Plight test of X-lE airplane 
--- Modified tro-di.ension.l loading 
- -  Subsonic kernel function 
DIVKRGEmE CALCUL&IIoNS 
modified two-diolnrion.1 
.1 .Z . 3  .4 .5 .6 .7 .e .9 1.0 1.1 1.7 1.3 1.4 1.5 1.7 1.: 1.9 2.0 
(a) Flutter-speed and divergence-speed ratios. 
Figure 6.- Flutter and divergence characteristics of wing LOOR. For all calculated 
points p = 0.003100 slugfcu ft, ma = 1,982 radiansfsec, and vR = 852.5 ftfsec. 
, 
(b) Flutter-Frequency ratios. 























0 FLUTTW U(PE€?IMENTS 
FLUTTER CALCULATIONS 
Modified strip analysis with c1 and obtained from 
linearized lifting-surface thk:y 
Modified two-dimensional loading 
g = o  
g = 0.02 
--- Lower flutter speed 
Higher flutter speed 
Unmodified two-dimensional loading 
Rectangular-wing theory 
DIVERGENCE CALCULATIONS 
-- - - - -- Modified Strip analysis with 
I 
and ac,n obtained from 
linearized lifting-surface theory; modified two-dimensional 
loading, including finite-span effect /I I 
M 
(a) Flutter-speed and divergence-speed ratios. 
Figure 7.- Flutter and divergence characteristics of wing 7001. For all calculated 




































(b) Flutter-frequency ratios. 


























(a) Flutter-speed and divergence-speed ratios. 
Figme 8.- Flutter and diver ence characteristics of wing 4001. For all calculated 














(bj Flutter-frequency ratios. 
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